Abstract. Let W, W ′ ⊆ G be nonempty subsets in an arbitrary group G. W ′ is said to be a complement to W if W W ′ = G and it is minimal if no proper subset of W ′ is a complement to W . We show that, if W is finite then every complement of W has a minimal complement, answering a problem of Nathanson. We also give necessary and sufficient conditions for the existence of minimal complements of a certain class of infinite subsets W in finitely generated abelian groups, partially answering another problem of Nathanson.
Let W denote the set of all complements of W . Then it is clear that W = ∅ (since G ∈ W) and also the fact that the elements of W form a partially ordered set under inclusion. Given a minimal complement W ′ of W , we see that the right translation W ′ g is also a minimal complement of W and W ′ is a minimal complement of gW for all g ∈ G. Thus, the existence of a minimal complement of a nonempty subset is equivalent to the existence of a minimal complement of any of its left translates.
It was shown by Nathanson (see [Nat11, Theorem 8] ) that for a non-empty, finite subset W in the additive group Z, any complement to W has a minimal complement. In the same paper he asked the following questions: Question 1. [Nat11, Problem 11] "Let W be an infinite set of integers. Does there exist a minimal complement to W ? Does there exist a complement to W that does not contain a minimal complement?" Question 2. [Nat11, Problem 12] "Let G be an infinite group, and let W be a finite subset of G. Does there exist a minimal complement to W ? Does there exist a complement to W that does not contain a minimal complement?" Question 3. [Nat11, Problem 13] "Let G be an infinite group, and let W be an infinite subset of G. Does there exist a minimal complement to W ? Does there exist a complement to W that does not contain a minimal complement?"
Since then the problems have generated considerable interest. Chen and Yang in 2012 gave examples of two infinite sets W 1 , W 2 ⊂ Z, such that W 1 has a complement that does not contain a minimal complement and every complement to W 2 contains a minimal complement (see [CY12] ). They also gave certain necessary and certain sufficient conditions on the infinite set W ⊂ Z such that W has a minimal complement (see [CY12, Theorem 1, 2] ). Very recently, Kiss, Sándor and Yang [KSY19] succeeded in giving necessary and sufficient conditions for the existence of minimal complements of several other class of infinite sets in Z (which were not covered in the previous work of Chen and Yang) . See [KSY19, Theorems 1, 2, 3].
Statement of results.
All the aforementioned progresses were in the setting of Question 1. In this article, we deal with the Questions 2 and 3. Specifically, we show thatTheorem A (Theorem 2.1). Let G be an arbitrary group with S a nonempty finite subset of G. Then every complement of S in G has a minimal complement.
See Section 2, Theorem 2.1. This answers Question 2 of Nathanson.
We turn to Question 3. Before commencing the discussion in detail, we state that it has a simple answer when the subset W is a subgroup. Namely, in that case a minimal complement always exist. See Proposition 4.1. For general infinite subsets, the situation is more delicate. To give an answer to Question 3, one needs to consider the infinite subsets which have less algebraic structure.
Our goal in this case is to establish the existence of minimal complements for a large class of infinite sets in finitely generated abelian groups. This will give the claimed partial solution to this question of Nathanson. In section 4, we focus on the minimal complements of certain infinite subsets of free abelian groups of finite rank, which are of the form Z d for some integer d ≥ 1. It is interesting to consider the subsets X of Z d such that x + Nu 1 + · · · + Nu d is contained in X for any x ∈ X, i.e., To obtain examples of infinite subsets of Z d having minimal complements, we consider the periodic subsets of Z d (these are subsets of Z d satisfying Equation (1.1) along with a finiteness condition, see Definition 4.2). Unfortunately, there exist periodic subsets of Z d , which do not admit any minimal complement (see Proposition 3.2). So we consider a more general class of subsets of Z d satisfying a weaker version of Equation (1.1) along with certain finiteness condition (which we call eventually periodic subsets, see Definition 4.2 -these are d-dimensional analogues of the eventually periodic sets in Z considered by Kiss-Sándor-Yang in [KSY19] 
This is a simplified version of Theorem 4.7. We refer to Theorem 4.7 for a more general statement.
As a consequence, we obtain that no periodic subset of Z d has a minimal complement (Corollary 4.9). We also prove the result below, giving a sufficient condition for an eventually periodic subset of Z d to have a minimal complement. 
Using the above, we get a necessary and sufficient condition for certain type of eventually periodic subsets of Z d to have a minimal complement. 
Finally, we conclude a general statement on the existence of minimal complements for certain infinite sets in finitely generated abelian groups.
Theorem E (Theorem 5.6). Let G be a finitely generated (infinite) abelian group with the decomposition
with d 1 and where a 1 |a 2 |...|a s are positive integers > 1 (determined uniquely by the isomorphism type of G). Suppose W ⊂ Z d such that either W satisfies the conditions of Theorem C (equivalently Theorem 4.10) or W is a product set of the form
See also Remark 5.7 for further discussion.
1.3. Plan of the paper. The article is divided into 6 main sections. These are (1) Introduction -Here we give the background, motivation and results.
(2) Existence of minimal complements for finite sets in arbitrary groups -This section deals with the finite subset case in arbitrary groups, answering the Question 2 of Nathanson cf Theorem 2.1. (5) Minimal complements in finitely generated abelian groups -This section is concerned with the existence of minimal complements of a class of infinite sets in arbitrary finitely generated abelian groups cf Theorem 5.6, giving a partial answer to Question 3 of Nathanson.
(6) Conclusion and further remarks -In this concluding section we give specific examples of sets which don't fall in the purview of Theorem 4.7 and Theorem 4.10 but have minimal complements. See Propositions 6.1, 6.2, 6.3 and 6.4.
Existence of minimal complements for finite sets in arbitrary groups
In this section we answer Question 2.
Theorem 2.1. Let G be an arbitrary group with S a nonempty finite subset of G. Then every complement of S in G has a minimal complement.
Proof. We divide the proof into two propositions, see Proposition 2.2 (for the countable case) and Proposition 2.3 (for the uncountable case).
Proposition 2.2. Every complement of a nonempty finite subset of an at most countable group contains a minimal complement.
Proof. For finite groups, the proof of the proposition is clear. Now, let S be a nonempty finite subset of a countably infinite group G and C be a complement of S in G. Since S is finite and G is countably infinite, the complement C is countably infinite. Hence the elements of C can be enumerated using the positive integers.
. Define C 1 to be equal to C and for any integer i ≥ 1, define (2.1)
Since each C i is a complement to S, for each x ∈ G and any i ≥ 1, there exist elements c x,i ∈ C i , s x,i ∈ S such that x = s x,i c x,i . Since S is finite, by the Pigeonhole principle, for some element s ∈ S, the equality s = s x,i holds for infinitely many i ≥ 1. Hence for infinitely many i, we obtain s −1 x = c x,i , which is an element of C i . Consequently, for each positive integer k, there exists an integer i k > k such that s −1 x is an element of C i k , which is contained in C k (as i k > k) and thus C k contains s −1 x. Define M to be the intersection ∩ i≥1 C i . Then for each x ∈ G, there exists an element s ∈ S such that s −1 x belongs to M. Hence M is a complement to S in G. We claim that M is a minimal complement to S. On the contrary, assume that M \ {c j } is a complement to S for some element c j in M. Since C j contains M, C j \ {c j } is also a complement to S. Then C j+1 is equal to C j \ {c j }. Hence c j cannot lie in M, which is absurd. So M is a minimal complement of S contained in C.
Proposition 2.3. Every complement of a nonempty finite subset of an uncountable group contains a minimal complement.
Proof. Let S be a finite subset of a group G and C be a complement of S in G. Let C denote the set of all complements of S in G which are contained in C. Note that C is partially ordered with respect to strict inclusion . Note also that the minimal elements of the partially ordered set (C , ) are the minimal complements of S in G which are contained in C. If every chain in C has a lower bound in C , then by Zorn's lemma, it would follow that C has a minimal element. We claim that every chain in C has a lower bound in C . Let C = {C λ } λ∈Λ be a chain in C . If a member of C is contained in all other members of C, then it is a lower bound of C in C . Henceforth we assume that no member of C is a lower bound of C.
Note that if C 1 , · · · , C k are pairwise disjoint subsets of C such that their union is equal to C, then for some integer i with 1 ≤ i ≤ k, each member of C contains some member of C i . Otherwise, for each i, some member of C λ i of C would be contained in every member of C i . Let j be a positive integer ≤ k such that C λ j is contained in C λ i for any i satisfying 1 ≤ i ≤ k. So C λ j is contained in every member of C i for each i, which is a contradiction to the assumption that no member of C is a lower bound of C.
Since SC λ = G, for each x ∈ G and λ ∈ Λ, there exist elements s x,λ ∈ S, c x,λ ∈ C λ such that x = s x,λ c x,λ . Let S x denote the subset of elements of S of the form s x,λ for some λ ∈ Λ. For s ∈ S x , define C s to be the subchain
Then the sets C s , for s ∈ S x , form a collection of finitely many pairwise disjoint subsets of C and their union is equal to C. Hence by the observation made in the preceding paragraph, there exists an element s ′ ∈ S such that each member of C contains some element of C s ′ . Since s ′−1 x belongs to each member of C s ′ , it also belongs to each member of C and hence s ′−1 x belongs to the intersection ∩ λ∈Λ C λ . Consequently, ∩ λ∈Λ C λ is a complement of S in G contained in C. In other words, it is an element of C . So each chain in C has a lower bound in C . This proves the claim. So the proposition follows from Zorn's lemma.
Corollary 2.4. In particular, for finitely generated free abelian groups, e.g., Z k , every (additive) complement of a finite set contains a minimal complement.
Remark 2.5. Later on, we shall give specific examples of infinite subsets (both countably infinite subsets and uncountably infinite subsets) in certain groups which admit minimal complements. See section 6, Propositions 6.1, 6.2, 6.3 and 6.4. Also see section 4 for minimal complements of eventually periodic sets.
Inexistence of minimal complements for certain infinite sets
In the following, d denotes a positive integer and N denotes the set of all nonnegative integers.
Proposition 3.1. Let M be a subset of Z d . Then the following statements are equivalent.
(
M contains a sequence of elements of Z d such that the maximum of their coordinates is arbitrarily small negative number.
Proof. Suppose statement (1) holds. We need to show that given any integer n ∈ Z, M contains a point all whose coordinates are less than or equal to n. On the contrary, suppose this is not true. Then for some n ∈ Z, M is contained in
, which is absurd. So the second statement holds.
It is clear that statement (3) follows from statement (2). Suppose statement (3) holds. Then for each integer n, the set M contains a point P n = (x n1 , · · · , x nd ) with each coordinate ≤ n, i.e., x ni ≤ n for any 1
, and thus
Corollary 3.2.
Proof. The first statement follows since {(−n, · · · , −n) | n ∈ N} and any of its infinite subsets are complements of N d in Z d (which can be seen by applying Proposition 3.1). For any complement M of N d and for any finite subset F of M, it follows from Proposition 3.1 that M \ F is also a complement of N d . Hence the second and the third statement hold.
We strengthen Proposition 3.1 and Corollary 3.2 in Proposition 3.3 below. 
and any l ∈ L, let X l denote the set of all elements of X which are congruent to l mod L. Since each element of
We claim that M l contains a sequence of elements of Z d l such that the maximum of their coordinates with respect to u 1 , · · · , u d is arbitrarily small negative number. On the contrary, suppose this is false. Then for some n ∈ Z,
, which is absurd. So the claim follows. Conversely, assume that M l contains a sequence of elements of Z d l such that the maximum of their coordinates with respect to u 1 , · · · , u d is arbitrarily small negative number. So for any n ∈ Z, the set M l contains a point
This proves statement (1). From the first statement, it follows that the set L + (−N(u 1 + · · · + u d )) and any of its subsets C containing infinitely elements of l + (−N(u 1 + · · · + u d )) for any l ∈ L is a complement to Nu 1 + · · · + Nu d . So the second statement holds.
For any complement M of Nu 1 + · · · + Nu d in Z d and any finite subset F of M, it follows from the first statement that M \ F is also a complement to Nu 1 + · · · + Nu d . This proves the third and the fourth statement.
Minimal complements of infinite sets in free abelian groups
We start the section with the statement on existence of minimal complements of subgroups of arbitrary groups as stated in the introduction.
Proposition 4.1. Let G be an arbitrary group with S a subgroup of G. Then every complement of S in G has a minimal complement.
Proof. Let C be a complement of S in G. Let M be a subset of C such that m 1 m −1 2 / ∈ S for any two distinct elements m 1 , m 2 of M, and for any c ∈ C, S contains m −1 c c for some m c ∈ M. Then M is a minimal complement to S contained in C.
With the subgroup case done, we shall study minimal complements of sets which are not subgroups. In this section we will be in free abelian groups of finite rank. For notational convenience, we will consider the free abelian group Z d only. Note that a condition holds for sufficiently large elements of Z d if and only if the condition holds for almost all elements of Z d . This enables us to use the terms "sufficiently large" and "almost all" interchangeably without any confusion. However, to refer to sufficiently large elements, the underlying space is certainly required to have a notion of a metric (which in general is not available in an arbitrary free abelian group).
We will prove Theorems 4.7, 4.10 providing a necessary and a sufficient condition for the existence of minimal complements for eventually periodic sets. We also provide a necessary and sufficient condition for certain eventually periodic sets to have a minimal complement. See Theorem 4.12. 
Denote by π the quotient map π :
would be denoted bȳ v (which is legitimate since the quotient map π :
, and by v, we would denote a lift ofv to
, which we denote by π X (or, simply by π to avoid cumbersome notation). 
(1) The nonempty fibres of the map π : 
Proof. Since W is periodic with periods u 1 , · · · , u d , and L is equal to Zu 1 +· · ·+Zu d , it follows that the nonempty fibres of the map π : 
Then the second statement follows since if a periodic subset U of Z d with periods 
This implies that ⊔v ∈Q W ′ v is contained in W, proving the first equality. Then the remaining equalities are immediate. 
hold.
(7) The following
expresses W as a disjoint union of its subsets.
Proof. Since W is eventually periodic with periods u 1 , · · · , u d , it contains w + Nu 1 + · · · + Nu d for almost all w ∈ W . So it follows that W is finite.
Since W is nonempty, it is infinite. So W \ W is nonempty. Moreover, since W is eventually periodic, it follows that W \ W is contained in F + (Nu 1 + · · · + Nu d ) for some finite subset (1) The set M ∞ is an infinite set, M is a nonempty finite subset of M ∞ , W 1 is nonempty, and the map π :
By Theorem 4.5 (7), it follows that for each l ∈ L, there exists a positive integer λ l such that the intersection of M fin + W and
and M is equal to the union of M fin and M ∞ , it follows that M ∞ is nonempty and
So M ∞ is infinite and M is nonempty. If W were empty, then Equation (4.8) would imply (4.9)
Then for any m 0 ∈ M ∞ , M \ {m 0 } would be a complement to W . Indeed, given an element x ∈ Z d , it is equal to m+w for some m ∈ M and w ∈ W . If m = m 0 , then x belongs to M \{m 0 }+W . If m = m 0 , then for some positive integers
, which is absurd. Hence W is nonempty. Now, using Theorem 4.5 (7) again, we obtain from Equation (4.8) that the map
is surjective. By the definition W 0 , it follows that the map π :
This proves the first statement. Now we prove that the second statement is true. On the contrary, suppose the second statement is false. So there exists an element m ∈ M such that for each w ∈ W 1 , there exist elements
We prove that M \ {m} is a complement to W , which would contradict the minimality of M, and thereby establish the second statement.
Let x be an element of Z d . Since M is a complement of W , it follows that x = m 0 + w 0 for some m 0 ∈ M, w 0 ∈ W . If m 0 = m, then x belongs to M \ {m} + W . Suppose m 0 is equal to m, i.e., x = m + w 0 . If w 0 belongs to W 1 , then there exist elements
to M \{m}+W . On the other hand, if w 0 does not belong to W 1 , then w 0 belongs to
{m} is a complement to W , which is a contradiction to the given condition that M is a minimal complement to W . So the second statement is true.
Remark 4.8. Note that Theorem 4.7 is in accordance with Corollary 3.2(2), (3) and Proposition 3.3(3), (4). 
Proof. Let C denote the collection of all elements in Z d which are congruent to some element of M modulo L, and C ′ denote the collection of all elements in Z d which are congruent to no element of M + W modulo L. Note that C + W 1 contains all elements of Z d which are congruent to some element of M + W 1 . By the second condition, it follows that each element of C ′ is congruent to some element of M+W 1 . So C + W 1 contains C ′ . We claim that C has a subset M such that M is minimal among the subsets of C with respect to the property that M + W 1 contains C ′ . Note that C is countably infinite. Hence its elements can be enumerated by the positive integers. Write C = {c i | i ≥ 1}. Define C 1 to be equal to C and for any integer i ≥ 1, define (4.10)
Let M denote the intersection ∩ i≥1 C i . Note that for each x ∈ C ′ and any integer i ≥ 1, there exist elements c x,i ∈ C i and w x,i ∈ W 1 such that x = c x,i + w x,i holds.
Since W 1 is a nonempty finite set, by the Pigeonhole principle, for some element t ∈ W 1 , the equality t = w x,i holds for infinitely many positive integers i. Hence for infinitely many i ≥ 1, we obtain x−t = c x,i , which is an element of C i . Consequently, for each positive integer k, there exists an integer i k > k such that x−t is an element of C i k , which is contained in C k (as i k > k) and thus C k contains x − t. We conclude that for each x ∈ C ′ , there exists an element t ∈ W 1 such that x − t belongs to C k for any k ≥ 1, i.e., x − t ∈ M. In other words, M + W 1 contains C ′ . Moreover, M is minimal with respect to the property that M + W 1 contains C ′ . On the contrary, assume that for some integer j ≥ 1, M contains c j and M \ {c j } + W 1 contains C ′ . Since M is contained in C j , it follows that C j \ {c j } + W 1 contains C ′ . So C j+1 does not contain c j and hence c j does not belong to M = ∩ i≥1 C i , which is absurd. This proves the claim.
We claim that M is a minimal additive complement to S in Z d . For m ∈ M, define M m to be the set of all elements of M congruent to m modulo L, i.e., M m is the fibre of the map M → Z d /L at the pointm. Note that for any m ∈ M, the set M m contains a sequence of points such that the maximum of their coordinates with respect to u 1 , · · · , u d is arbitrary small negative number. Indeed, if we fix m ∈ M, then note that by condition (4), there exists w ∈ W 1 such that m+w ≡ m ′ +w ′ mod L for any m ′ ∈ M \ {m} and w ′ ∈ W ∪ W 1 . Then it follows that m + w is congruent to no element of M + W modulo L, and hence m + w + L is contained in
Since W 1 is finite, it follows that for some w ′ ∈ W 1 , w ′ + M m contains a sequence of points of m + w + (−N(u 1 + · · · + u d )) such that the maximum of their coordinates with respect to u 1 , · · · , u d is arbitrarily small number. Consequently, M m contains a sequence of points such that the maximum of their coordinates with respect to u 1 , · · · , u d is arbitrary small. Let x be an element of Z d which is congruent to some element of M+W modulo L, i.e., x is equal to m+w+ℓ for some m ∈ M, w ∈ W, ℓ ∈ L. Since the set M m contains a sequence of points such that the maximum of their coordinates with respect to u 1 , · · · , u d is arbitrary small, it follows that for some large enough positive integers
So M + W contains all elements of Z d which are congruent to some elements of M + W modulo L. Moreover, M + W contains C ′ , i.e., it contains all elements of
Since M is minimal among the subsets of C with respect to the property that M + W 1 contains C ′ , we conclude that M ′ is equal to M. Hence M is a minimal additive complement to W in Z d . ( 
contains only one element). This proves condition (3).
Minimal complements in finitely generated abelian groups
In this section G is a finitely generated abelian group. We have already seen in Theorem 2.1 that for finite sets W ⊂ G, a minimal complement of W always exists. So we shall consider infinite subsets W ⊂ G throughout this section. By the structure theorem for finitely generated abelian groups,
with d 0 and where a 1 |a 2 |...|a s are positive integers > 1, determined uniquely by the isomorphism type of the group G. Z d is said to be the torsion free part and F := (Z/a 1 Z) × · · · × (Z/a s Z) is the torsion part. G is finite if and only if d = 0.
Since we are in the realm of infinite subsets W ⊂ G, so G is infinite. Hence, d > 0 in this section. We first show the following proposition which describes the behaviour of minimal complements of product sets.
Proposition 5.1. Let n be a positive integer. Let G 1 , · · · , G n be groups. For each 1 ≤ i ≤ n, let A i be a subset of G i with minimal complement M i . Then 1 i n M i is a minimal complement of 1 i n A i in 1 i n G i .
Proof. Let A 1 and A 2 be two given sets in the groups G 1 and G 2 with minimal complements M 1 and M 2 respectively. Then
thus it is a complement of A 1 × A 2 . Now, we show that M 1 ×M 2 is minimal. Remove an element (m, n) from M 1 ×M 2 and look at the set M :
Since M 1 is a minimal complement of A 1 , ∃a 1 ∈ A 1 , g 1 ∈ G 1 such that the only way of representing g 1 in A 1 .M 1 is a 1 m. Similarly, ∃a 2 ∈ A 2 , g 2 ∈ G 2 with g 2 = a 2 n. We show that this (g 1 , g 2 ) / ∈ (A 1 × A 2 ).M. Indeed, this is clear from the fact that (g 1 , g 2 ) can only be represented in (A 1 × A 2 ).(M 1 × M 2 ) as (a 1 m, a 2 n).
To prove the general case we use induction. Without loss of generality, let us assume that the statement is true for k groups G 1 , G 2 , · · · , G k with k < n. We show that the statement holds for (k + 1)-groups. By hypothesis,
. . .
By the inductive assumption
To show that it is minimal, we remove an arbitrary point (x, y) from N × M k+1 and argue as above to get the required statement. 
where
There exists a minimal complement to W if and only if there exists T ∈ Z + , m|T , and C ⊆ {0, 1, · · · , T − 1} such that However, not all infinite sets in Z d are product sets. We have seen in the previous section a sufficient condition for the existence of minimal complements for eventually periodic sets in Z d (which are not product sets, when they are not periodic). We shall now exploit the structure of the finitely generated abelian group G. Proof. We have G ≃ Z d ×F , with F a finite group. Suppose ∅ = A ⊂ Z d , ∅ = H ⊂ F . Let B be a minimal complement of A in Z d . Since F is finite, H is also finite. By Theorem 2.1, we know that a minimal complement of H exists. Let it be H ′ . Now using the previous proposition, we have that B × H ′ is a minimal complement of A × H in G.
We come to the main theorem which describes a large class of infinite sets having minimal complements in finitely generated abelian groups.
Theorem 5.6 (Minimal complements in finitely generated abelian groups). Let G ≃ Z d × F be any finitely generated abelian group. Suppose W ⊆ Z d be either of the form given in Theorem 4.10 or a product set W 1 × W 2 × · · · × W d as described in Theorem 5.4. Then W × H will have a minimal complement in G where H ⊆ F is any arbitrary nonempty subset.
Proof. The form of W ⊆ Z d ensures that W has a minimal complement in Z d . After this we apply Lemma 5.5 to get the desired conclusion.
Remark 5.7. The upshot of the discussion in Section 5 is to provide examples of subsets of finitely generated abelian groups admitting minimal complements. Some such examples were already given in Section 4 (see Theorem 4.10), where we considered the group Z d , i.e., free abelian groups only. The immediate question is look for examples of such subsets in finitely generated abelian groups having nontrivial torsion. By Proposition 5.1, a subset W of a group G admits a minimal complement if G is isomorphic to the direct product of groups G 1 × · · · × G n and under such an isomorphism W corresponds to the product of subsets W i of G i having minimal complements. Hence, as a consequence of Theorems 5.2, 5.3, 4.10, 2.1 and Propositions 4.1, 6.1, it follows that a subset W of a finitely abelian group G admits a minimal complement in G if there exists finitely generated free abelian groups G 1 , · · · , G n and an isomorphism ψ : G ∼ − → G tors × G 1 × · · · × G n (where G tors denotes the torsion part of G) such that ψ(W ) is equal to the product W 0 × W 1 × · · · × W n where W 0 is a nonempty subset of G tors , W 1 , · · · , W n are subsets of G 1 , · · · , G n and for each 1 ≤ i ≤ n, one of the following conditions hold.
( To conclude this section, we see that a combination of Theorem 5.6, Theorem 5.4 and Proposition 5.1 gives us infinite sets in arbitrary finitely generated abelian groups having minimal complements, providing a partial answer to Nathanson's Question 3.
Conclusion and further remarks
Finally, we conclude the article with a class of examples of infinite sets which are not eventually periodic (i.e., they don't fall in the class of Theorem 4.7 and Theorem 4.10) but have minimal complements.
In fact, the ambient group (and even the set, the existence/inexistence of the minimal complement of which we seek to investigate) can be taken to be uncountable. The following propositions shed light on this fact -
